We investigate light propagation in the Swiss-cheese model. On both sides of Swiss-cheese sphere surfaces, observers resting in the flat Friedmann-Robertson-Walker (FRW) space and the Schwarzschild space respectively, see the same light ray enclosing different angles with the normal. We examine light refraction at each crossing of the boundary surfaces, showing that the angle of refraction is larger than the angle of incidence for both directions of the light.
Introduction
One of the most startling discoveries in cosmology is that the universe is expanding at an accelerating rate [1] . Although correlation in galactic distribution patterns [2] 1 and the angular distribution of fluctuations in the microwave background radiation [3] corroborate this discovery, the most compelling argument stems from type 1A supernova measurements [1] . These measurements yield the Hubble diagram (luminosity distance versus redshift), so the cosmological model applied when interpreting the results is crucial. Applying the well-known spatially homogeneous and isotropic Friedmann-Robertson-Walker model of the universe, type 1A supernova measurements imply accelerating expansion and the dominance of 'dark 1 See also http://www.sdss.org. energy' (often identified by the cosmological constant) in the energy-momentum tensor. Thus a surprising picture emerges about the constitution of matter: only a small fraction (5%) is baryonic (of which only a fifth is optically observable), while roughly 23% is another form of matter with nonzero rest mass, called 'dark matter', and finally a huge amount (72%) is dark energy or the cosmological constant.
One conclusion can be a humble admission that all our present understanding of matter refers to only 5% of all matter in the universe. It is also possible, however, to question the assumptions used when reaching this conclusion. There are several possibilities, even questioning the correctness of general relativity, but we do not want to go so far. Rather we prefer the approach which questions the assumption of homogeneity. Our universe is certainly not homogeneous, although at very large scales homogeneity seems to be a good approximation. Even so, small scale inhomogeneities may influence both global expansion due to the nonlinearity of the Einstein equations, and the propagation of light. Results available in the literature disagree on whether the presence of actual inhomogeneities can explain the Hubble diagram obtained from supernova measurements [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . One may try to answer the question by applying perturbation theory, by direct numerical simulation or by applying some exact model. Our present work attempts the latter.
Exact solutions to the Einstein equations are not abundant. There is, however, a surprisingly flexible family of them, suitable for cosmological applications. Einstein and Strauss pointed out that the spherically symmetric vacuum solution (Schwarzschild metric) can be matched with the spatially homogeneous and isotropic solution (FRW metric) in a matter-dominated universe [14] . The resulting solution is called the Swiss-cheese model. It is usually constructed in the following way. Nonoverlapping spheres are cut from a (flat, open or closed) Friedmann-RobertsonWalker (FRW) universe. A suitable point mass 2 is placed into the centre of each sphere. Apart from this central mass the spheres are empty. Therefore, due to spherical symmetry, within each sphere the Schwarzschild metric describes the gravitational field. Outside the spherical voids, the FRW metric applies. The metric and its first derivatives are continuous across the boundary surfaces of the different regions (if expressed in the same Gaussiannormal coordinates). These are the Lichnerowicz junction conditions [15] , and are equivalent, in our case, to the Darmois-Israel junction conditions [16] [17] [18] . In later variants of the Swiss-cheese model, the voids may contain spherically distributed and radially moving matter, therefore, spacetime inside the voids is described by the Lamaître-Tolman-Bondi (LTB) metric [20] [21] [22] .
The model, as all models, has certain limitations. It is applicable only in a matter-dominated FRW universe, and cannot be validly extrapolated to the early universe in which matter dominance has not yet obtained. All of the generalised Swiss-cheese models entail spherically symmetric voids, and also non-intersection of the voids. Further, the model does not include any rotation, even though rotation unquestionably occurs in the universe. Even worse, the model itself is unstable. Small perturbations of the void surfaces or of matter distribution will grow and eventually mask the original geometry. On the other hand, in a matter-dominated universe the FRW solution is unstable, too. These properties are certainly lim-itations, though the extent of their importance in cosmology is not yet clear. When applied to the late, matterdominated universe, the model seems to work quite well. In particular, Swiss-cheese models are successfully applied to understand structure formation (see e.g. [23] and references therein). On the other hand, in the concurrent homogeneous 'concordance model', the contribution of the cosmological constant becomes important just around the onset of structure formation [5] , [6] . So, if structure can play the role of dark energy, Swiss-cheese models need to account for that effect.
Certainly, if we consider proper distances within the embedding FRW region these distances will grow as in a homogeneous matter-dominated universe. Distances measured through the spherical regions may have a different time dependence, especially if there is a radially moving matter distribution inside. Moreover, conclusions about accelerating expansion are based on the Hubble diagram of 'standard candles' (type 1A supernovae) [24] , [1] . Hence, it may also be that the growth of distances does not accelerate, but that light propagation is distorted to make the resulting Hubble diagram similar to that of a homogeneous universe with accelerating expansion [25] . Indeed, for a comparison with experiments one needs to calculate the Hubble diagram [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . We are currently working on such a project. Therefore, we study light propagation in a Swiss-cheese model with flat FRW background. The purpose of the present work is to demonstrate an interesting feature of light propagation. If two observers stay at opposite sides of the surface of the Swiss-cheese sphere, the outer one co-moving with the FRW background, while the inner one remains at a constant distance from the centre (in Schwarzschild coordinates), then these observers measure different angles that the same light ray makes with the normal to the surface. For brevity we call this angle discontinuity 'refraction', though it is not refraction in the usual sense. The interesting feature is that the angle of refraction is never smaller than the angle of incidence for either direction of the light.
The remainder of our paper proceeds as follows. In Section 2, we briefly review light propagation in a flat FRW universe, and describe the matching of the FRW metric and the Schwarzschild metric. We relegate the derivation of the suitable coordinate transformation and the matching condition to the Appendix.
In Section 3, we discuss the relation between the FRW event horizon and the radius of observable Swiss-cheese spheres. We show that, if the radius of an observable Swiss-cheese sphere exceeds its Schwarzschild radius (this being the situation we are interested in), then this Swiss-cheese sphere lies entirely within the FRW event horizon.
In Section 4, we discuss light refraction at the Swisscheese sphere surfaces in the above-mentioned sense and show that the angle of refraction is always larger than the angle of incidence. We summarize the results and discuss some related questions in the concluding Section 5. We use the Landau conventions, i.e., we assume + − −− signature for the metric. The four-vector have a timelike zeroth component, whereas the first, second and third components are space-like. Four-vectors are indexed by Latin letters; three-vectors by Greek letters. We use c = 1 units throughout. ;k u k = 0 . In a flat FRW universe the metric can be written as
Light propagation in the
Assuming a matter-dominated universe, the scale factor a(t) may be given by
where H 2 0 = 8πG 3 ρ(t 0 ) according to the first Friedmann equation, with H 0 denoting the present value of Hubble's parameter, G being the gravitational constant and ρ(t 0 ) being the present mass density.
Suppose that light is propagating radially from the origin. Then the four-velocity is given by (up to a constant multiplier, which determines the color of the light at emission)
For the trajectory we getṙ = 1 a , or
Let us describe light propagation in an arbitrary direction. As space is homogeneous and isotropic, it is enough to perform a spatial translation of the origin. Let the coordinate system K be the one we used up to now, and let us introduce the spatially translated coordinate system K whose space vectors will be denoted by r . The time is not influenced by the transformation. This means that
where r k stands for the constant space vector of the origin of K as given in the coordinate system K. Suppose that, in the coordinate system K , the light ray is radial.
The above coordinate transformation implies that
The trajectory is given by the inverse coordinate transformation where ϑ and ϕ are constant. As the light propagates in K' radially by assumption, one may apply Eq. (7), i.e.
Let us determine the transformation of the velocity. The timelike component is clearly unchanged. Covariant spatial vector components transform as
The transformation of contravariant vectors may be derived by pulling indices down, transforming the covariant vector thus obtained, and finally pulling indices up. Note that the metric is the same both before and after the transformation, if expressed in terms of the corresponding coordinates. Hence for the four-velocity we get
For a light ray propagating in the opposite direction, the space-like components get the opposite sign.
Matching conditions
Matching the different regions at the bordering spherical surface will be done in Gaussian-normal coordinates 3 . We require the continuity of the metric and its radial derivative across the surface. These are the Lichnerowicz conditions [15] , which, due to the use of the Gaussian-normal coordinates, are equivalent to the Darmois-Israel junction conditions [17] , [18] . To effect these conditions, we apply an explicit coordinate transformation which transforms the Schwarzschild metric to the FRW metric near the surface. This transformation is specified  to the necessary degree  by the junction conditions themselves. Below we list the expressions obtained. For completeness, a derivation is given in the Appendix. The metric outside of the sphere (flat FRW metric) is
The metric inside of the sphere (Schwarzschild metric) is
3 In such coordinates g 00 = 1 and g 0α = 0, like in case of the FRW metric.
where the Schwarzschild radius is given by r g = 2Gm c 2 , where G is the gravitational constant and m is the central mass of the void. The bordering spherical surface lies at r f = R. The coordinate transformation which transforms the Schwarzschild metric and its first derivatives to those of the FRW metric at the bordering surface can be given explicitly as
Matching the metric and its derivative also requires the condition
Eqs. (20) - (23) describe the coordinate transformation between the two regions preserving the continuity of the metric and its first derivatives at the border. The four velocity components transform like the coordinate differentials, hence, from Eqs. (20) - (23) we get
at the flat FRW-Schwarzschild border.
The Event Horizon and the Swisscheese Universe
We show in this section that, for an observer in the flat FRW part of the universe observing light coming from a Swiss-cheese sphere whose radius is larger than the Schwarzschild radius, this sphere lies entirely inside the event horizon of the FRW universe. Or, conversely, if we see light coming from the surface of a Swiss-cheese sphere which has parts hiding beyond our event horizon, then the radius of this sphere is necessarily smaller than its Schwarzschild radius (so that, inside the sphere, one is inside a black hole). In other words, in the Swiss-cheese model, no black hole type spheres (r g > r s ), observed optically from outside, may lie entirely within the observer's horizon. Suppose that a light ray is emitted at time t f from the surface point nearest to the observer of a Swiss-cheese sphere of radius r f = R, and that we observe the light ray at t 0 (the present). The coordinate distance to the light source (and hence to the nearest surface point of the Swiss-cheese sphere) is
Note that here, in contrast to Eq. (19), the origin is chosen to be the observation point. Since the FRW metric is homogeneous, it is unaffected by such spatial translations. In a flat and always matter-dominated universe, the coordinate distance r h to the event horizon is (by using Eq. (7)),
We assume here that matter dominance applies since the Big Bang (t f = 0). This is just a model assumption; in reality, matter dominance starts later (around t f = 10000y), and the horizon is much farther away, mainly due to very early inflation (when t f < 10 −30 s). Suppose that the farthest point of the Swiss-cheese sphere is still within the FRW event horizon:
i.e.,
or 2 3
The radius of the Swiss-cheese sphere in Schwarzschild coordinates according to Eq. (21) is
Combining this with expression (24) for the Schwarzschild radius, we get r g r s = 4 9
Comparing this with Eq. (33), we can see that the condition, that an optically observed Swiss-cheese sphere lies entirely within the FRW event horizon (cf. Fig. 1.) , is equivalent to
This latter condition means that an observer near the surface of the Swiss-cheese sphere is outside the Schwarzschild radius. On the contrary, if condition (36) is not satisfied, that means that entering the corresponding Swiss-cheese sphere entails entering a black hole. Note that, in this latter case, since the sphere is expanding, an observer who has entered the sphere is still moving outwards in Schwarzschild coordinates, and cannot get closer to the center, but certainly can leave the sphere again. On the other hand, due to the equivalence of Eqs. (33) and (36) such a Swiss-cheese sphere (where r s <r g at the surface) cannot lie entirely within the FRW event horizon. 
Light refraction
Provided that the boundary involves no abrupt change in the refraction index, a local observer staying at the boundary will not experience any light refraction. In other words, an observer who can see both sides of the boundary surface would measure the same angle of incidence and angle of refraction. If, however, we compare observations made by two different observers, both located near the boundary, but one of them remaining in the FRW coordinate system, while the other one remains in the Schwarzschild coordinate system, we get differences in the direction of the light ray. In this situation, the second observer's being in the Schwarzschild coordinate system implies that the boundary (where the observer is staying) is outside the Schwarzschild radius, which may be expressed as
Each of the two observers measures the angle the light makes with the normal only on his side of the boundary. Further, since the observers are at rest in different coordinate systems, they are moving relative to each other. They are assumed to make their measurements at the same instant, and nearly at the same place. Afterwards, however, the outer observer moves away with the expanding surface, while the inner one stays at a constant distance from the center. The above difference in the light ray directions is due to the relative motion of the two observers. On the other hand, if we follow a light ray through a Swisscheese universe, it is natural to change the coordinate systems and the corresponding change in the direction of the light ray should be taken into account. For brevity, we shall call this change of direction, 'light refraction'.
As we shall see, light refraction in the above sense will depend on whether the light ray is going into a sphere or it is coming out. This virtual loss of reversibility is due to the boundary surface moving outwards in Schwarzschild coordinates. We shall denote the angle of incidence by γ, and the angle of refraction by δ (cf. Figs. 2, 3) . Clearly, 0 γ < π 2 , since otherwise the light ray would not approach the bordering surface. As for δ , if the light ray is coming out of the sphere, then 0 δ < π 2 , because in FRW coordinates the Swiss-cheese spheres have a constant radius. For a light ray propagating in the opposite direction, such a conclusion cannot be drawn. Indeed, we shall see that in that case π 2 δ < π becomes possible. Next, we will show that the angle of refraction is always larger than (or equal to, for radial propagation) the angle of incidence: γ δ . 
Light rays entering a Swiss-cheese sphere
Let us consider first a light ray travelling from a FRW region into a Schwarzschild region. For convenience, let the spatial origin be the center of the sphere, in accord with the matching conditions. The light ray does not go through the origin, so the r and ϕ components of the four-velocity of a light ray propagat-ing in the FRW region are determined by Eqs. (15), (17) , where r = r f . Without restricting generality, we may set
. This means that the z axis is perpendicular to the plane containing both the light ray and the center of the sphere. The quantities r k = d and ϕ k specify the position of the light source in that plane in polar coordinates. The point where the light ray crosses the sphere is given by r f = R and ϕ (cf. Fig. 2.) . Thus,
According to Fig. 2 , the coordinate distance between the light source P and the entrance point C is
Further, the cosine theorem implies that
so we may write
The second equalities in Eqs. (41) and (42) are due to simple geometric considerations. In case of Eq. (41) one projects the line segments PO and PC to the line CO, while the second equality in Eq. (42) follows from the law of sines, applied to the triangle OCP. Just on the opposite (inner) side of the boundary Eqs. (41) and (42) still apply, since the coordinates and metric are continuous across the boundary. We are interested, however, in the direction of the light ray as observed by someone in the Schwarzschild coordinate system. Using the transforms (26) and (28), we get, for regions in the Schwarzschild coordinates near the boundary,
The actual distance covered during an inward radial motion (dr s < 0) is
while the actual distance covered during a tangential motion (when dϕ > 0) is r s dϕ . Thus, for the tangent of the refraction angle δ we have
or, using the shorthand notation (37),
We will show now that γ δ .
• If cos γ ξ • If cos γ > ξ 1 2 , then tan δ 0, and for the second (positive) factor on the right hand side of Eq. (47) we have
which readily implies that 4 γ δ . Q.E.D.
Let us consider the strange situation when δ > π 2 . This means that the light ray, having entered the Swiss-cheese sphere, is radially moving outward. This may only be possible if the radial velocity component of the light ray is less than that of the border, which is expanding in Schwarzschild coordinates. Indeed, for the motion of the light ray, one may write, using Eqs. (14), (25) , (41) 
while the radial velocity of the boundary surface is (using Eqs. (20), (21))
Since cos γ < ξ 1 2 and thus ξ cos γ < ξ 1 2 , we have
Light rays leaving a Swiss-cheese sphere
We consider now a light ray emerging from a void, i.e., crossing the boundary from inside (see Fig. 3 .) Again, when describing the propagation of the light ray outside, in the FRW region, we set the spatial origin at the centre of the void, and apply a spatial translation, as in subsection 4.1. Because the direction of the propagation is now opposite, this time we use Eqs. (38), (39) with a minus sign where again ϑ = ϑ k = π 2 is set. According to Fig. 3 .
we have again r k = d, s = r f 2 + r 2 k − 2r f r k cos(ϕ − ϕ k ), and at the bordering surface r f = R. From the cosine theorem we get
thus we may write
Using the transformations (26) and (28), we get, in Schwarzschild coordinates 
The actual distance covered by an outward radial displacement (dr s > 0) is
while the actual distance covered by a tangential motion (when dϕ < 0) is −r s dϕ . Thus, for the tangent of the refraction angle γ we have
or, in the shorthand notation (37),
The second factor on the right hand side is clearly less than unity, so tan γ < tan δ , implying 5 that γ δ .
Summary and discussion
We have shown that two observers sitting inside and outside a given point on a Swiss cheese sphere experience a light ray at different angles compared to the normal to the surface. These observers are moving with respect to each other (but they are at the same place at the moment), since one of them (who is outside) is at rest in FRW coordinates, while the other one (who is inside) is at rest in Schwarzschild coordinates. Surprisingly, the angle of refraction will always be larger, regardless of the propagation direction. We used this relationship to test a numerical simulation of light propagation in the Swiss cheese model. In that simulation 6 it was practical to use FRW coordinates outside and Schwarzschild coordinates inside.
One may interpret this result as a natural consequence of changing the coordinate system. Indeed, if light is crossing a Swiss cheese sphere, the increase of the angle of refraction at both surfaces implies a tendency that the changes of directions compensate each other (Fig. 4. ).
Since the refraction angle is always larger than the angle of incidence, the refracted light beam deflects to the left or to the right depending on whether the normal is on the left or on the right of the incident beam. In Fig. 4 . the light beam enters the void at point C 1 and leaves the Schwarzschild domain at point C 2 . The first normal is on the right of the incident beam, which means the light beam is deflected to the right compared to the original direction. In this case the point O (the void's centre) is on the left hand side of the refracted beam. Because of angular momentum conservation the centre of the void is on the left side during the beam's propagation within the void. This is still the case at the moment of the second refraction. Therefore, the line segment OC 2 is also on the left hand side of the incident beam. But the line segment OC 2 is just the normal corresponding to the second refraction. This means that at the second refraction the refracted light beam is deflected to the left compared to the original direction. Because the light beam is deflected to the right at the first refraction and to the left at the second refraction, deflections tend to compensate each other. Note that due to angular momentum conservation the en- 5 As discussed above, both angles are smaller than π/2. Equality holds only if γ = δ = 0. 6 The simulation itself is the topic of a forthcoming paper.
tire motion of the light takes place in the same plane that contains the centre of the void. One should also comment on the apparent violation of reversibility. One might expect that reversing the beam direction would cause it to trace the same path, which does not happen ( Fig. 5. and Fig. 6.) . This would only be the case if the metric is timereversed as well, which is not the case here. While the Schwarzschild metric is static, the FRW metric is certainly not, and reversing the beam direction is not followed by switching from an expanding universe to a contracting one. The effect can also be understood if one does not change coordinates, since the observer on the side where the light ray starts from and returns to, sees the mirror on the other side moving away. We show that the light refraction is due to the relative motion of the two observers, each in a different region. The basic fact is that the observations of the observers are independent of whether they are at a fixed position in a gravitational field or they just start their free fall. The difference between the two situations is just the acceleration but not the velocity. Therefore, we may consider two freely falling observers instead of those considered up to now. The relative velocity of these observers is the same as the one of the former observers, but their local coordinate systems are inertial, and described by a Minkowski metric. Let the observer inside the void be at (x, y, z,t) in coordinate system K , and the observer outside be at (x , y , z ,t ) in system K . The corresponding coordinate axes are parallel and their origins coincide. The origin, x = y = z = t = 0 is where and when both observers perform their measurements at the boundary. Further, the x and x axes are directed radially outwards. The relative velocity v of the two coordinate systems is the proper radial velocity of the bordering surface given by
Here τ stands for the proper time of an observer resting within the void, further, Eq. (50) has been used to get dr s /dt s . The four-velocity components of a light ray propagating in the x-y plane are u t , u x , u y in K and u t , u x , u y in K . Since the coordinate systems K and K are inertial, the primed and unprimed components of the four-velocity are related by the Lorentz transformation, especially
Let us consider a light ray propagating outwards. Its fourvelocity has the components u x = cos γ u t , u y = sin γ u t and u x = cos δ u t , u y = sin δ u t , provided that the observer inside the void measures an angle of incidence γ and the observer outside measures the refraction angle δ . Then, for the tangent of the angle of incidence, we get
Inserting Eq. (60) we get Eq. (59). Similarly, for a light ray entering the void we have u x = − cos δ u t , u y = − sin δ u t and u x = − cos γ u t , u y = − sin γ u t . As previously, γ is the angle of incidence and δ for the refraction angle. This time we get for the tangent of the angle of refraction
Inserting Eq. (60) we get Eq. (47). Hence we recover our previous formulae. The present point of view enables the generalization of our results. In a more sophisticated Swiss-cheese model one can have an inner sphere within the void that is either contracting or expanding at lower rate than the void itself. Note that this is a special case of the even more general situation when the void contains continuously distributed matter in radial motion 7 . If the mass in the inner sphere is distributed homogeneously, then it can be considered as a piece of a closed FRW universe. At the boundary of the inner sphere light refraction may be observed if the angle of incidence and the angle of refraction are observed by different observers, each comoving in the corresponding coordinate system (Schwarzschild or FRW, respectively). This is quite analogous to the situation at the boundary of the void. If the inner sphere is contracting, Eqs. (61) -(64) remain valid provided that the coordinate system K belongs to the inner observer while K belongs to 7 In such a case the metric inside the void is the LTB metric [20] [21] [22] .
the observer outside. This means that the refraction angle is always larger than the angle of incidence. If the inner sphere is expanding, the observers move in the opposite direction relative to each other. This implies a sign change of v. As a result, in this case the refraction angle is always smaller than the angle of incidence contrary to the situation at the border of the void.
